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Abstract

The twistor fibration © : @, — S fibres the non-degenerate, six-dimensional complex quadric
hypersurface Q. over the conformal six-sphere S¢ with fiber P3(C). In this paper we show that the
map 7 induces an isomorphism of one component of the space of linear P3(C)’s lying on Q4 which
are not fibres onto the space of oriented conformal four-spheres of S; further, this map lifts to a map
between the corresponding tautological bundles which fibre by fibre is the usual Penrose twistor
fibration P3(C) — S%. It is also shown that a holomorphic vector bundle over a non-degenerate,
complex quadric hypersurface of dimension greater than or equal to six is trivial if and only if its
restriction to a linear P»(Q) is trivial.
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1. Introduction

The Penrose transform establishes a correspondence between the conformal geometry of
the standard four-sphere $* and the holomorphic geometry of projective lines on P3(C). The
complex manifold P3(C) is obtained from S* as a fibre bundle with fibre P; (C) by the twistor
space construction and given P5(C), there is also a way of recovering 5* and its conformal
structure (cf. [AHS] for example). The twistor space construction can be generalised to
any even-dimensional, oriented manifold equipped with a conformal structure (cf. [BeO],
(1], [O’BR] or [S]) and in this paper we will look at what happens when it is applied to
the standard six-sphere S. The complex manifoid that we obtain (cf. (LW]) is the six-
dimensional, non-degenerate quadric hypersurface Q fibred over S with fibre P3(C). It is
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classical (cf. [GH] for example) that there are two families of linear P3(C)’s lying on Q,
say Q and Q.. The first main result of this paper, refining results of Inoue in [I], describes
one of these families, which we will take as Q and which is the family containing the fibres,
in terms of the conformal geometry of S°.

Theorem 1.1.

(i) If P is a P3(C) belonging to the family parametrised by Q, then P is either a fibre
of the twistor fibration T : Q4 — S° or its image t(P) is a conformal four sphere
(cf. [1); furthermore T : P — t(P) is isomorphic to the Penrose fibration for a suitable
orientation of T(P).

(ii) Over each conformal four sphere S in S°, there are exactly two P3(C)’s of the family
Q. They induce opposite orientations on S and intesect each fibre of T : Q4 — S® over
S in two disjoint P1(C)’s. They are the images in Q. of the twistor lifts (cf. Definition
4.8) of the inclusion S < S°.

Thus t maps the space of P3(C)’s in the family Q which are not fibres isomorphically
onto the space of oriented conformal four-spheres in $%, and lifts to a map between the
corresponding tautological bundles which fibre by fibre is the usual Penrose twistor fibration
of P3(C) over S*.

To prove this theorem, we realise the conformal sphere S as the projective isotropic cone
of a real, eight-dimensional inner product space of Lorentz signature (7, 1). Spinor spaces
of this Lorentz space then provide a convenient way of modeling the twistor fibration of §°,
and of parametrising the above families of linear P3(C)’s on its twistor space.

As an application, we prove the following theorem and corollary.

Theorem 1.2, If¢ — Q. is a holomorphic vector bundle such that the restriction to every
fibre of T : Q4 — S% is holomorphically trivial, then & — Q4 is holomorphically trivial.

Corollary 1.3. Let G be a non-degenerate, complex quadric hypersurface of dimension
greater than or equal to six. If§ — G is a holomorphic vector bundle such that & restricted
to a linear P2(C) is holomorphically trivial, then § — G is holomorphically trivial.

There is at least one aspect of the Penrose transform for four-manifolds which does not
generalise to dimension six. For instance, the P3(C) realised as the Penrose transform of
S* comes with a real structure, that is an antiholomorphic fibre-preserving involution o
which has no fixed points. This is important because it is using o that one recovers §*
and its conformal structure from P3(C) (cf. [AHS]). The twistor space of S has no such
involution. However, it is shown in [I] that the fibre component of the space of P3(C)’s on
the twistor space of S% does have a natural, antiholomorphic involution, and that one can
then recover S® and its conformal geometry as the fixed point set. In Section 5 we give an
intrinsic definition of this real structure using the notion of the twistor lift of a codimension
two, immersed, oriented submanifold.
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As a corollary of the observation that the twistor space of S° is Kihler and a theorem
of Burns-de Bartolomeis [BdeB], we give a conformal proof of the following theorem of
LeBrun [LeB].

Theorem 1.4. There does not exist an integrable, almost complex structure on S® which is
compatible with the standard conformal structure.

2. Clifford algebras and spinors

In this section we will recall some basic facts about Clifford algebras and spinors, only
proving those which are not completely standard. For more details, see Cartan’s book [C].

If W is a complex vector space equipped with a non-degenerate, symmetric bilinear
form g, the Clifford algebra C(W, g) is defined as the quotient algebra T(W)/3,, where
T (W) is the tensor algebra on V and J; is the two-sided ideal generated by elements of
the form w ® w + g(w, w)1. The natural map A(W) — T(W) — C(W, g) is a vector
space isomorphism equivarient for the natural action of the orthogonal group O(W, g) and
if e1, €3,...,e, is an orthogonal basis of W, the algebra C(W, g) is generated by their
images via this inclusion, subject to the relations.

eiej +eje; = —2g(ei, ej)l.

The Clifford algebra has the following universal property: every linear map f : W — A
from W to an associative algebra with identity A such that f (w)2 = —g(w, w)l, forall
w € W, extends to a unique algebra homomorphism f : C(W, g) — A.

The natural Z;-grading of 7 (W) into even and odd degree tensors induces a Z;-grading
of the Clifford algebra C(W, g) = C; @ C_. More generally, any automorphism (resp. anti-
automorphism) of T (W) which preserves the ideal {J, induces an automorphism (resp. anti-
automorphism) of C(W, g). In particular, we will write x — x! for the anti-automorphism
inducedby wj Qw2 ® -+ @ wy > Wy Quwi—1 ®---Qwp,andifo : W - Wisa
real form of (W, g), we write x — x for the induced conjugate linear automorphism of
C (W, g) which extends o.

When dim W = 2m is even, one can show that C(W, g) is a full matrix algebra and if we
choose a complex vector space S of dimension 2™ and an algebra isomorphism C(W, g) =
End(S), we call S a space of spinors for (W, g). The various natural automorphisms of
C(W, g) are realised by geometric structures on S: there is a Z;-grading § = S, & S-
such that C, - §4+ € S+ and C_ - S4 C Sg; there is a (unique upto a constant factor)
non-degenerate, bilinear form Bs : S x § — C such that Bg(x - ¥, ¢) = Bs(y¥,x' - ¢)
and then Bs(¥, ¢) = (—1)m"=D/2Bo(¢, y); there is a (unique upto phase factor el?)
conjugate linear j : § — S such that j{(x - ¥) = X - j(¥) and j2 = +Idg (the sign will
depend on the signature of o).

In particular, if dim W = 6 and o is of Lorentz signature (5, 1), we find that j2 = —Id
and so j induces a quaternionic structure on each of the four-dimensional complex vector
space S and S_. The classical Penrose twistor fibration (cf. [AHS]) T : P3(C) — S* can
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be recovered as follows: take a non-zero positive spinor v € S and let [v] € P(S;) be
the corresponding complex line; then {w € W: w - ¢ = o(w)} - ¥ = 0} is a real, isotropic
(since w? - ¥ = —g(w, w)y = 0) line in W and so defines a point of the real, projective
isotropic cone of (W, g, o), which is well known to be isomorphic to the standard conformal
four-sphere $*. The map which sends [] to this point is the Penrose twistor fibration. (The
analogous process starting from the other projective spinor space P(S_) gives the Penrose
fibration of the same four-sphere but with respect to the opposite orientation.) This point of
view will be explained more fully in Section 3.

Let us now examine the situation in eight dimensions in more detail. To fix the notation, let
V be an eight-dimensional, complex vector space and let B be a non-degenerate, symmetric
bilinear form on V. Let C be the Clifford algebra of (V, B) and if we choose a spinor space
X, then

E=2+®E_

will be the decomposition of the 16-dimensionai spinor space X' as the sum of the two
eight-dimensional semi-spinor spaces. According to the general discussion above, we can
choose a non-degenerate, symmetric bilinear form Bx on X such that

Bs(x -y, ¢) = Bx(y,x' - @), wherex e C; vy, p e X.

It can be shown that By (X', ¥'_) = 0 (see [C]) so that each of the spaces X} has its
own symmetric bilinear form By = B|X .. Notice that each of the spaces X is an eight-
dimensional complex vector space equipped with a symmetric, non-degenerate bilinear
form which is exactly the kind of object which we started with. This is a manifestation of
the symmetry which exists in dimension eight between the three types of objects: vectors
(V), positive semi-spinors (X ) and negative semi-spinors (X_). This symmetry is often
referred to as the ‘principle of triality’ (cf. [C]).

Notation 2.1. We will denote by Q the space of isotropic lines in V. This is a smooth,
six-dimensional quadric hypersurface in the projective space P(V):

Q={LeP(V): BIL=0)}.

The spaces Q4 are defined similarly—they are smooth quadric hypersurfaces in P(Q+).
isomorphic to Q as complex manifolds. If x € V is a non-zero vector, then [x] € P(V) will
Be the corresponding line.

Lying on Q there are two families of P3(C)’s given by the images in P(V) of maximal
isotropic subspaces of (V, B). By the theory of spinors (cf. [C]), the space of maximal
isotropic subspaces of V is parametrised by the disjointunion QU Q_:if [] € Q4, then
Ann(y) = {x € V: x -y = 0} is maximal isotropic and any maximal isotropic subspace
of V is uniquely obtained in this way.

The quadric Q has a natural complex conformal structure (see Section 3.1) and the
complex tangent spaces to these P3(C)’s passing through a given point of Q realise the
maximal isotropic subspaces of this conformal structure at that point.
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Similarly, lying on Q there are two families of P3(C)’s given by the images in P(X) of
maximal isotropic subspaces of (X, B ). These can be parametrised by the disjoint union
Q U @_ in the following way: if [v] € Q, then Kerv = {¢ € X : v- ¢ = 0} is maximal
isotropic, and if [_] € Q_ then V - y_ C X is maximal isotropic. In analogous fashion
the maximal isotropic subspaces of (X_, B_) are parametrisedby Q U Q.

These observations can be refined (cf. [C]) to give:

Proposition 2.2.

(a) Consider the two families Q. and Q_ of P3(C)’s on Q as above. Two P3(C)’s in the
same family intersect in either a P3(C), a P1(C) or not at all. Two P3(C)’s in opposite
families intersect in either a P(C) or a point.

(b) Let A C V be an isotropic subspace of dimension r, where | <r <4 and let Kert A =
KerAN Xy. Then:

(i) dim Ker A = 2% and Ker A is Bx-isotropic.
(ii) Ker A = Ker™A @ Ker~ A and if r < 4, dim Kert A = 2471,

(c) Leto : V — V be a real form of (V, B) (i.e. o is a conjugate linear involution such
that B(o(v1),oc(v2)) = B(vy,v2))andlet j . X — X be a corresponding structure
map (see above). If {¥] € Q+ U Q_ is a projective isotropic semi-spinor, then:

(i) Ann(j(¥)) = o (Ann(y));
(i) Ann(¥) No(Ann(yr)) is an isotropic subspace of V, stable under o.

Proof. For proofs of (a) and (b), see [C]. The statement (c)(i) follows immediately from
the defining relation of j, namely j(v- ) = o (v) - j(¥), and the statement (c)(ii) follows
since the intersection of two isotropic subspaces is isotropic. |

2.1

Most of the information discussed above can be conveniently summarised in the following
incidence diagrams:
I I I_
m / \[7 T / \[71 T2 / \PZ
0 Q+ 0 o- O Q-

For example, an element of I, is a couple ([x], IT), where [x] is an isotropic line in V and
IT is a P3(C)on Q in the family parametrised by Q4 such that [x] € I1. Alternatively we
can think of elements of I as couples ([x], [¥]), where x € V, ¢ € X, satisfy x - ¢ = 0.
The fibres of p are isomorphic to P3(C) by definition and Proposition 2.2 shows that the
fibres of m are also isomorphic to P3(C).

2.2

If x € V is an isotropic vector, let L, C V be the line spanned by x and let L be the
orthogonal complement of L, with respect to B. We will write K, forKer x = {yy € X':
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x -y =0} and K;t for Ker x N . Notice that the Kxi are By -isotropic of dimension four
by Proposition 2.2(a).

If y € L, then in the Clifford algebra of V wehave y-x +x-y = O0andso y- K, C K.
Hence, since x acts trivially on K, by Clifford multiplication, we haveamap f, : L /L, —
End (Ky). The six-dimensional vector space L)J; /L inherits a symmetric, non-degenerate
bilinear form from B, say By, since L, is isotropic and it is clear that

fe@ o fo(B)+ fi(B)o fila) = —2By(a.B)ld Va.B e Ly/Ly.

This means that the map f, extends to an algebra homomorphism f} : C(L',(L/L_h B,) —
End (K,), where C (Lxl /Ly, By) denotes the Clifford algebra of the inner product space
(LE/Ly, By).

Proposition 2.3.
(1) The map fy : C(Lf/LX, B,) — End(K,) is an algebra isomorphism.
(i1) The decompositon Ky = K;’ & K is the decomposition into semi-spinor spaces.

Proof. Exercise. a

Let (X, B) be a six-dimensional, non-degenerate, complex inner product space and let
S = ST @S be an associated spinor space. Parts (a) and (b) of Proposition 2.4 describe the
link between projective semi-spinors, maximal isotropic subspaces and isometric complex
structures in this dimension. When (X, B) has a positive definite real form, part (c) describes
how the space of isometric complex structures of a codimension two real subspace is
embedded in (one component) of the space of isometric complex structures of X7.

Proposition 2.4.

(a) The disjoint union of projective spaces P(STYUP(S™) naturally parametrises the space
of maximal isotropic subspaces of (X, B). The parametrisation associates to [] €
P(S™) UP(S™) the maximal isotropic subspace Ann(y) = {w € X: w -y = 0}.

(b) Let o be a positive definite real form of (X, B). Then Ann(y/) N o (Ann(y)) = {0}.
Furthermore, the map which associates to [{] € P(ST) UP(S™) the complex structure
on X% whose space of (0, 1)-vectors is Ann(yy) = {w € X: w - = 0} is a bijection of
the disjoint union of projective spaces P(S%) UP(S™) onto the space J(X?, B|xo) of
complex structures of the real vector space X° which are isometric for the restriction of
B to X°. The orientation, say w4, of X? induced by a complex structure corresponding
to an element of P(S1) is opposite to the orientation of X° induced by a complex
structure corresponding to an element of P(S7).

(¢) Let o be a positive definite real form of (X, B), let W C X€ be a real four-dimensional
subspace and let WL ®C = A® A be the unige decomposition of its complex orthogonal
complement as a sum of isotropic subspaces. Then:

() {{y1€P(ST): A-¢ =00r A- = 0} is the disjoint union of two linear P (C)’s
{[W] e P(ST): A-y = 0) and {[¥] € P(ST): A~y = O):
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(ii) the bijection of (b) maps {[¥] e P(ST): A- ¢ = 0or A - = 0) onto the space
of isometric complex structures of X° which preserve the subspace W and which
induce the orientation wy;

(iii) by restriction to W C X, the space of isometric complex structures of X° which
preserve the subspace W and which induce the orientation w is in bijection with
the space J(W, Blw) of all isometric complex structures of (W, B|w).

Remark 2.5. If D is a one-dimensional complex vector space and (X, B) is as in Proposi-
tion 2.4, then X ® D has a natural conformal structure induced by the inner product of X. The
maximal isotropic subspaces of X and X ® D are then in natural bijection (M < M ® D). If
(X, B) and D have real structures, the space of complex structures of (X ® D)° ' preserving
the conformal structure is in natural bijection with the space of isometric complex structures
of X7, and thus also can be parametrised by P(ST) UP(S™).

Proof of Proposition2.4. More generally, it is true (see [C]) that for a non-degenerate inner
product space of dimension four or six, the union of the spaces of projective semi-spinors
parametrises the space of maximal isotropic subspaces in this way. This proves part (a).

Part (b) is also well known. The point is that for Ann(¥) 1o be the space of (0, 1)-vectors
of a complex structure on X7, it must satisfy Ann(y) N o (Ann(¥)) = {0}. This is true
because otherwise there would exist non-zero real isotropic vectors, which is impossible
when the signature is definite.

To prove part (c), left us denote by Jy the isometric complex structure on X’ corre-
sponding to [¢/] € P(S™) by (b). Then A - ¢ = 0 means that A is a space of (0, 1)-vectors
for Jy so that J|4 = —ilda and (by conjugation) J|; = ild;. Hence Jy preserves the
subspace A @ A of X and therefore also its orthogonal complement W ® C. Since Jy; is
real it must also preserve W.

Conversely, given an isometric complex structure J of X¢ which induces the orientation
w4 and preserves W, let [{r;] be the corresponding element of P(ST). Then J preserves
the two-dimensional W+ ® C and so we have the decomposition as a direct sum of one-
dimensional eigenspaces

WLQC = {u:Jw) =iu) ® {u: J(u) = —iu),

and since J is isometric, the eigenspaces are isotropic. Comparing this with the decompo-
sition
Wi®C=A@A,

we must have {u: J(u) = —iu} = Aor {u: J(u) = —iu) = A. Thus either A or A is of
type (0, 1) for J and thus either A - y; =0or A - ¢, = 0.

The final part of (c) follows because (W), being two-dimensional, has exactly two
isometric complex structures, say Jy1 and —Jy .1 . Hence any isometrlc complex structure
Jw of (W, B|w) can be extended to an isometric complex structure Jw of X? inducing the
orientation w4 by setting Jw =Jw & JyL or Jw = Jw @& —Jy 1, depending on which
one of these induces the orientation w. . a
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3. The conformal six-sphere as a real form of Q
3.1

Let us choose a real form o of (V, B) of signature (7, 1). This is by definition a conjugate
linear involution o : V — V such that B(o (v(), o(v2)) = B(v;,v2) Vv, v2 € V and such
that the restriction of B to the fixed point set of o, V7, is of signature (7, 1} (i.e. there are
seven positive eigenvalues and one negative eigenvalue).

As explained in Section 2, o induces a conjugate linear structure map on spinors j :
¥ — X, which in this signature satisfies j>2 = Idand j(X,) = X_, j(¥_ ) = X (cf.
[C]). This in turn induces an antiholomorphic involution of O U Q_ sending Q to Q_.
which we will also denote by ;.

It is well known that the fixed point set of the induced action of o on the projective
isotropic cone Q is diffeomorphic to the six-sphere. Henceforth we will denote this sphere
by S°. It is also well known that the six-sphere realised in this way is naturally equipped
with its standard conformal structure. This follows from the basic fact that there is a naturai
isomorphism of complex vector spaces

TLQ=L*®c LY/L, (1)

where L € Q is an isotropic line and Ty Q is the complex tangent space to the quadric
Q at the point L € Q. The vector space L' /L carries the induced non-degenerate inner
product By (cf. Section 2.2) and this defines a non-degenerate inner product on 7; Q up to
a scalar factor via the isomorphism (1): in other words, the quadric Q has a natural complex
conformal structure. If L is a real isotropic line in V, the real structure maps L+ to L+ and
taking real points on both sides of (1) we get an isomorphism of real vector spaces at the
point L € $%

T.S® = (L*)° ®g (LY/L)° (2)

and the complex conformal structure is reduced by o to a real conformal structure of
signature (6,0) on T s@.

Conversely, it is natural to ask to what extent the objects V. X, X_. O, O+, Q_, elc.
are determined by the conformal geometry of s6.

By Proposition 2.3, the vector bundle over Q whose fibre at [x] € Q is K, and which
we will denote by K — Q, is a bundle of spinors for the vector bundle over  whose
fibre at {x] € Q is (Lf/Lx, B,) in the sense that we have natural isomorphisms f; :
C((Li'/Lx), By) = End(K ) which depend algebraically on [x]. (By definiticn the bundles
P(KT) — Qand P(K~) — Q are precisely the incidence bundles 7 : Iy — Q and 7, :
I_ — Q of Section 2.1.)

The structure map j : £ — X satisfies j(Kx+) = K;m and j(K;) = K:(x), and thus
provides a antiholomorphic lift of the real structure o : Q — Q to the bundle K — Q. If
[x] € e Q is real, the subspace Ky C X is stable under j : ¥ — X and so j induces a
conjugate linear involution of the fibre K, which exchanges K and K.
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By Proposition 2.4 and Remark 2.5, at each point [x] € S0 the disjoint union P(K j yuU
P(K ) is isomorphic to the space of almost complex structures of TS = LOQ(LL/Ly)°
which preserve the conformal structure. Thus the disjoint union of projective bundles
P(KTHUPK™) — S6 is naturally isomorphic to the bundle of pointwise almost complex
structures which are compatible with the pointwise conformal structure of S, and is there-
fore intrinsically associated to the conformal structure of §. Complex structures in the two
different connected components P(K+) and P(K ~) are distinguished by the fact that they
induce opposite orientations on S6.

Consider the bundle P(K*) — S°. For each [x] € $° the fibre P(K;}) is a P3(C) lying
on the quadric Q4 and we now show that as [x] varies in S®, this fibres the quadric Q
over the sphere S°.

Proposition 3.1,

(a) Suppose [x], [y] are distinct points of SS. Then the maximal isotropic subspaces K i
and K; of X+ are disjoint: K N K;,’ = {0}.

(b) If[{] € Qy.then{x € V?:x -y =0} = Ann(¢) N o (Ann(¥)) is of dimension one.

Proof.

(a) Suppose for contradiction that there exists a non-zero spinor ¥ € K N K y+ . Then by
definition x - = y -y = 0andso —2B(x,y)¥ =x-y-¥ +y-x-¢ = 0. Thus
B(x, y) = 0 and the vectors x and y are orthogonal, spanning a real, two-dimensional
isotropic subspace. These do not exist in signature (7, 1) and we have a contradiction.

(b) Take [y] € Q4. By Proposition 2.2(c)(ii), Ann(¥) N o (Ann(y)) is an isotropic sub-
space of V which is stable under o, i.e. it is the complexification of a real isotropic
subspace of V7. Since we are in signature (7, 1), this real vector space is of dimension
zero or one. On the other hand,

o(Ann(y)) = Ann(j (¥))
by Proposition 2.2(c)(i) and j () € X_ in signature (7, 1) as indicated above. Hence
by Proposition 2.2(b), dim(Ann(y) N o (Ann(y))) = dim(Ann(y) N (Ann(j (¥)))) is
equal to one or three and so in fact dim(Ann(y) N o (Ann(y))) = 1. O

The following proposition resumes the situation.

Proposition 3.2. The map v : Q4 — S° given by

(Y1) =[{x € V?:x - ¢y = 0}] = Ann(¥r4) No(Ann(y4))

fibres the quadric Q. over S® with fibre P3(C) and induces an orientation w4 on S°. It is
C>-isomorphic to one component of the bundle of pointwise almost complex structures of
S8 which are compatible with the conformal structure of S® and induce the orientation w.
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Thus we know how to obtain the C*-manifold Q from the conformal structure of S°
plus an orientation, and the question now is how do we obtain its complex structure from
this data. This is explained in the next section.

4. The twistor construction

In this section we will describe briefly the general twistor construction of which the
fibration T : O, — S® of Section 3 is a special case. For more details and proofs see
[AHS], [BeO], [1], [O’BR] or [S].

Definition 4.1. Let (M, w, [g]) represent a real 2n-dimensional manifold M equipped
with a positive-definite conformal structure [g] and an orientation w. The twistor space of
(M. w, [g])is the pair (Z*, JT) where:

(i) Z™ is the total space of the fibre bundle over M whose fibre at m € M is the space
of complex structures (henceforth abbreviated to CS) on 7,,M which preserve the
conformal structure [g] and induce the orientation w. Note that a fibre is isomorphic
to the homogeneous manifold SO(2n)/ U (n) and therefore has two (opposite) natural
complex stuctures and a natural Kdhler metric.

(ii) The pullback of the tangent bundle of M to ZT has a tautological CS and can be
identified with the horizontal subspace of TZ% via the Levi-Civitd connection of
any metric in the conformal class. The almost complex structure (henceforth ACS)
JT : TZ" — TZ7 is defined as the direct sum of this CS in horizontal directions
and one of the natural CS of (i) in fibre directions (precisely which one is given in the
references above).

Here are the basic properties of this construction.

Remark 4.2. Thepair(Z*, J1)depends only on the conformal structure of M even though
a metric was needed for the definition of J . Each fibre is canonically a Kihler manifold.

Remark 4.3. The ACS J 7 is integrable iff (M, [g]) is conformally flat (resp. half-confor-
mally flat) when dim M > 4 (resp. dim M = 4). Then a fibre Z* (m) is a complex subman-
ifold of Z* and the holomorphic normal bundle N — Z* (m) satisfies dim HY(N) = 2n
and H'(N) = HY(N*) = HY(N*) = {0} (cf. [1] or [S]).

Remark 4.4. One can also define the “anti-twistor’ space (Z7, J 7 )of (M, w. [g]) as above
but using CS which induce the orientation —w. The map J +— —J then defines an ‘anti-
holomorphic’ involution of (Z*, J7)if dim M = 4k, and an antiholomorphic isomorphism
of (ZT, JP) with (Z—, J ) if dim M = 4k + 2. If (M, [g]) is a manifold with conformal
structure (not oriented) then one can define the ‘total’ twistor space as above but using all
pointwise CS which preserve the conformal structure. If M connected is not orientable this
will be a connected manifold, but if M is orientable it will have two connected components
Ztand Z~.
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Remark 4.5. The natural lift to Z* of an orientation preserving, conformal transformation
of M preserves the ACS J*.

Remark 4.6 (cf. [BdeB]). If m — J(m) is a global ACS on M which preserves the
conformal structure and induces the orientation w, then it is integrable iff the tangent space
of the submanifold {(m, J(m)): m € M} C Z7 is stable under J*.

By Section 3, the fibration 7 : Q, — S is smoothly isomorphic to the twistor fibration
of (8%, w,). It remains to be proved that the holomorphic structure of Q. corresponds
to the holomorphic structure of twistor space described above. This is a straightforward
verification based on the fact that the holomorphic structure on twistor space is the only one
invariant by the action of the group of direct, conformal transformations of $°. Using this
we can give a conformal proof of the following theorem of LeBrun ([LeB]).

Theorem 4.7. There does not exist an integrable, almost complex structure on S which is
compatible with the standard conformal structure.

Proof. By the theorem of Burns—de Bartolomeis (i.e. Remark 4.6), such an almost complex
structure would give rise to a complex submanifold of twistor space, evidently isomorphic
to S°. By the above discussion, the twistor space of S is isomorphic to the quadric 0,
which is projective and therefore Kéhler. Hence any complex submanifold is also Kihler
and therefore has non-trivial second cohomology group. This is not the case for ¢ so we
have a contradiction. O

The following definition and simple proposition will be needed later.

Definition 4.8. Let (M, [g], w) be as above, leti : N — M be a codimension two im-
mersion of an oriented manifold N and let T;() )M = i, (T, N) @ (i(Ty N ))L be the corre-
sponding orthogonal decomposition of tangent spaces. Let J* and —J* be the two CS on
(i (T N))* which preserve the induced conformal structure. If ZT(N) — N is the twistor
space of N with respect to the induced conformal structure and given orientation, the direct
twistor lift of the map i : N — M is defined to be the map iy 1 Z¥(N) > Z+ (M) where

)=, ®Jt or J,@—Jt,

depending on whether J, & J+ or J, @ —J* induces the orientation w. Similarly one
defines the opposite twistor lifti_ : Z7(N) — Z*T(M).

Proposition 4.9. With (M, [g], w) as above, let F € A%( T M ®C) be a complex two form
atm € M and let 3 (m) denote the space of CS of T,, M which preserve the conformal
structure and induce the orientation w. For J € 34 (m) denote by F?‘z the component of
type (0,2) of F with respect to J. Then if dim M > 6,

F}?=0 Vie34ym) & F=0.
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Corollary 4.10. Let 7 : ZT — M be the twistor fibration and suppose dim M > 6. If
F € C¥(AX(T*M)) is a global two-form such that w* F has no component of type (0,2)
with respect to the almost complex structure J T, then F = 0.

Proof of Proposition 4.9. The subspace {F € AX(T:®C): Fo* = 0VJ € Xy4(m)) of
AZ(T,’,*,M ® C) is stable under the action of SO(T,, M, g,»), the group of direct orthogonal
transformations of T,, M which preserve any metric in the conformal class. It is well known
that the complex two forms are an irreducible representation space of the special orthogonal
group if the dimension is greater than five and hence this set is either A%(T,* M @ C) or {0},
the first possibility being clear excluded. a

To prove Corollary 4.10 it is sufficient to note that if 7* F has no component of type
(0,2), thenatm € M, F(m) € A2(T,M* ® C) has no component of type (0, 2) for all CS
J € J4(m) by the very definition of the almost complex structure J* on Z*.

Remark 4.11. This proposition is not true in dimension four since there the space of two
forms can be decomposed into the sum of self-dual and anti-self-dual forms (cf. [AHS]).

5. Linear P;(C)’s on Q, and the conformal geometry of S°

Consider the twistor fibration 7 : Q4+ — S°. In Section 2 we saw that the quadric Q
parametrises one of the families of linear P3(C)’s lying on Q. If x € V is a real isotropic
vector, then [x] € Q is in the sphere $ and the corresponding P3(C) C Q4 is just the fibre
t([x]) as in Proposition 3.2. In this section we will consider the other members of the
family Q.

Notation 5.1. Letx € V be anon-zero isotropic vector. Weset K7 = {¢y € 1 : x-y = 0}
and [K J] will denote the image of K in P(X). We denote by (x, o (x)) the subspace of
V spanned by x and o (x), by (x, o (x))* its orthogonal complement with respect to B and
by [(x, o (x))"]the image of (x, o (x))* in P(V).

Proposition 5.2.
(a) If x € V is a non-zero isotropic vector, then

(KD =[x, o (x)) 1N 85
(b) ifmoreover x and o (x) are independent over C, then the restrictionof B to ({x, o (x))L )
is of signature (5, 1).

Proof.

(a) Suppose ¥ € K7 —{0}. Then T([¥]) = [Ann ¥ No (Ann )] by Proposition 3.2. The
complex vector space Ann ¥ N o (Ann ) is of dimension one and invariant under o so
we can choose a non-zero real vector y € V which generates it.
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Sincey-y¥ =0andx -y = 0,wehave (x -y +y-x) ¢ = 0and by the rules
of Clifford multiplication this implies that B(x, y) = 0. Since y is a real vector, this in
turn implies that B(o (x), y) = 0. Hence {y] € [(x, o (x))*]1N 5% and we have shown
that T([KF1) € [(x, o (x))1]1N SO,

To prove inclusion in the other direction, suppose that [z] is an element of
[{x,0(x))*+} N S5 where z € V is a non-zero real isotropic vector. Then x and z
span either a one-dimensional or two-dimensional isotropic subspace of V and so by
Proposition 2.2(c) there exists a non-zero isotropic spinor such that x - ¥ =z - ¥ =
6(z) - ¥ = 0. Thus there is a ¢ in K such that z € Ann¢ N o (Ann ) and we are
done.

(b) Suppose that x € V is an isotropic vector such that o(x) # Ax for any A € C.
Then B(x,o(x)) # 0 because otherwise the subspace (x, o(x)) C V would be the
complexification of a two-dimensional isotropic subspace of V¢ and these do notexistin
signature (7, 1). This implies that the restriction of B to the real vector space {x, o (x))?
is of signature (2,0) for an orthogonal basis is given by the vectors x + o(x) and
i(x —o(x)). Hence the restriction of B to the real orthogonal complement ({x, o x))hHe
is of signature (5, 1). O

Remark 5.3. From Proposition 5.2(a) it is immediate that
(KD =(KSD) & [x]=[ylor[o(x)] =yl

Remark 5.4. Given asix-dimensional real subspace W C V7 such that B|W is of signature
(5, 1), one can always find an isotropic vector x € V such that o(x) # Ax and W =
({x, o (x))1)?. This line [x] is determined up to conjugation by o. To prove this observe
that (W+)? is a two-dimensional real vector space such that the restriction of B is of
signature (2, 0). For [x] we take an isotropic line in W ® C and there are only two of these.

Proposition 5.2 gives a characterisation of the images under the twistormap t : Q4 — S§°
of the P3(C)’s on Q4 parametrised by the quadric Q. There are two cases:

(i) ifo(x) = Ax—i.e.if [x] € S°—then [{x, 5 (x))]NS® = [x]and T([K}]) = [x]. This
says that the fibres of T : Q0 — S® are members of the family Q.

(i) if o(x) #£ Ax—i.e. if [x] € Q\S®—then t((KF]D = [WIN S8, where W is a real
six-dimensional subspace of V such that the restriction of B to W is of signature (5, 1)
Recalling that S® is the real projective isotropic cone of a real inner product space of
signature (7, 1), it is well known that [W] N S8 is a conformal four-sphere in §% and
that every conformal four-sphere in §6 can be obtained by intersection with a unique
such W.

It follows from (ii), Remarks 5.3 and 5.4 that the map [x] — r([Kj]) defines a 2 : 1
covering of the space of conformal four-spheres in S® by the complex manifold Q\S°
or equivalently, an isomorphism of the complex manifold Q\S® with the space of ori-
ented conformal four-spheres in S°. Now Q\S® has a ‘tautological’ bundle with fibre type
P3(C)whose fibre at [x] is [K j ] and the space of oriented conformal four-spheres in 56
carries the tautological bundle with fibre §*. The rest of this section is essentially devoted
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to showing that the map between these two tautological bundles induced by r is fibre by
fibre the Penrose twistor fibration.

In order to study case (ii), fix x in V such that 0 (x) # Ax and let us denote the conformal
four-sphere T(IK 1) by Sf. We also denote by ., ([x]) the space of complex structures
on TMS6 which preserve the conformal structure and induce the orientation w,, and by
Jix1(W) the space of complex structures preserving the real subspace W C 7,5 and the
induced conformal structure. Then we have:

Proposition 5.5.
(i) K NKS o =K Nk, = (0).
(ii) The restriction of the twistormapt : Q4 — S®tov : [K 11— S;‘ is isomorphic to
the Penrose twistor fibration for a suitable orientation of the conformal four-sphere S.f.

:(x)] — Sﬁ is then isomorphic to the Penrose twistor fibration

for the opposite orientation of the conformal four-sphere Sj.
Gii) If[z] € S¥ and if we identify =" ([z]) with 34 ([x]), then

Its restrictiontot : [K

T D NIKI DU (=D N KD

o(x
= {J € J+([z]): J(TiSH = Tiy84

= S[Z](T(Z]Sﬁ) (by restriction).

Proof. Let us first remark that B(x, o(x)) # 0 since otherwise {x, o(x)) would be the
complexification of a real, two-dimensional, isotropic subspace of (V, B) and these do not
exist in signature (7, 1).

To prove (i), suppose that v is a spinor such that x - ¥ = o(x) -y = 0. Then x - o(x) -
Y +o(x)-x-¢¥ = 0and hence —2B(x, o (x))y¥ = 0 by the rules of Clifford multiplication.
Since B(x, o(x)) # 0, we have y» = 0. This proves (i).

To prove (ii), let us realise K & K:(X) as a space of spinors for the real Lorentz space
(W7, B, o) such that this decomposition is the decomposition into semi-spinor spaces.
Here we write W, = (x, o(x))L. Define the linear map f : W, — C(V, B) by

1
= 7. (x + 0 (x)). 3)
f@ TIERIEDR (x +0(x))
Then, taking the square of f(z) in the complex Clifford algebra C(V, B), we get

1
f2)*= B oot o)z (o)

B(x,0(x))
_ |
—2B(x,0(x))( ) (x-o(x)+o(x) x)
1
= 330y B@ D 2B e N1
=—2B(z,2)1d,

using the relations z - x +x -z = z-0(x) + o(x) -z = 0 and 2 =0w?=0. By
the universal property of the Clifford algebra C(W,, B), the map f extends to an algebra
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homomorphism f : C(W,, B) — C(V, B), which is injective since the algebra C(W,, B)
is simple. It remains to show that for z € Wy, f(z) acting by Clifford multiplication in X
sends K to K., and vice versa,

If ¢ € K}, thatis if x - ¢ = 0, we have
f@-v=z-x¥Y+z-0x)-¢¥=z-0() 9,

. . . +
which is in Ka(x)

o(x) - z-0(x) ¥ =—z-0(x)? ¥ =0.
Similarly, f(z)- K, € K. From this, we deduce that f maps C(W,, B) into End(K 7 @
K:(x) and this must in fact be an isomorphism for dimensional reasons. Thus, the space
Kreo K;'(x) is a spinor space for the (5, 1) signature Lorentz space (W,, B) and hence the

since

map t’ : [K]] — $% given by
() = Hw e W2: f(w)- ¢ =0}]

is the Penrose twistor fibration for a suitable orientation of Si by Section 2. It remains to
show that T([¢¥]) = t/([¥]) for ¢ € K;“, or in other words that

{we W¢: f(w) ¥ =0} = Ann(y) N (o (Ann(¥))).

By formula (3) above, f(w) - = Omeans that w-o (x) - ¥ = 0 (since x - = 0), whence
o(x)-w-y¥ = 0because w and o (x) are orthogonal vectors. Similarly, x - w - ¢ = 0. Thus
w-yekK N KU_(X) and this is {0} by part (i). Hence w € Ann(y) and so w € o (Ann(¥))
since w is a real vector. This proves (ii).

Differentiating Proposition 5.2(a) identifies the subspace Ti;;S* ® C in Ti;)S ® C =
L*®L}/L; as

TSt ®C= L2 ® (x,0(x),2) /L.

Let us define the one-dimensional isotropic subspaces A, A of 7[;)S®® Cby A = L} @ [x]
and A = L;‘ @ [0 (x)], where [x] is the equivalence class of the isotropic vector x in LZl /L,.
Then clearly A ® A = (T;;S? ® €)' and we have the decomposition

TS C=T S eCopAdA.
Now, by Proposition 2.4(c), part (iii) is equivalent to proving that

T EDNIK =y Ay =0} and N (DNIKS)l={y: A ¥ =0}
But this follows from the definition of A and A, and the fact that x - = 0 for ¥ € K -
ando(x)- ¥ =0fory € K O

o(x)"

Summarising the above results, we have proved the following theorem.

Theorem 5.6.
(i) If P is a P3(C) belonging to the family parametrised by Q (cf. Section 2), then P is
either a fibre of the fibration t : Q4 — SO or its image t(P) is a conformal four
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sphere (cf. [1]); furthermore T : P — T(P) is isomorphic to the Penrose fibration for
a suitable orientation of T(P).

(ii) Over each conformal four sphere S in S, there are exactly two P3(C)’s of the family
Q. They induce opposite orientations on S and intersect each fibre of T : @, — S§°
over S in two disjoint P{(CY’s. If we identify T : QO — S5 with the twistor fibration,
then these P3(C)’s are the images of the twistor lifts (cf. Definition 4.8) of the inclusion
S — 6.

Remark 5.7. The theorem gives a description of one family of linear P3(C)’s on the twistor
space of S in terms of the conformal geometry of S 6_1f we take a P3(C) in the other family
(parametrised by Q_), it is easy to see that the map r sends it onto S and that the restriction
of 7 is injective except on a P,(C) which is collapsed to a point. Schematically, this is the
map from P3(C) = C? U (P2(C))so to §¢ = RO U {oc} which maps C? isomorphically onto
R® and the hyperplane at infinity to the point at infinity.

Remark 5.8. Any conformally flat, oriented six-manifold M is locally isomorphic to the
standard six-sphere and the twistor construction produces a complex six-manifold Z+ (M)
which is fibred over M with fibre P3(C), say Ty : ZT(M) — M. The image under Ty of
a small deformation § of the fibre Z; atm € M is either a point or a conformal four-sphere
Sg in M and then themap Ty : § — Sg is the usual Penrose twistor fibration for a suitable
orientation of S;‘. Conversely, given any oriented conformal four-sphere in M, its Penrose
transform is a P3(C) lying on Z* (M) by the twistor lift construction of Definition 4.8. Thus
we can define an involution oy, on the space M¢ of small holomorphic deformations of
fibres by

om-(8) =8 ifdisafibre;
ome (the twistor lift of (S*, w)) = the twistor lift of (S*, —w).

This gives an intrinsic (that is in terms of the conformal geometry of M) definition of the
real structure on M¢ which was also defined in [I]. Hence we have an embedding of M in
Mg as the fixed point set of op.. Since the holomorphic normal bundle N to a fibre satisfies
dim HO(N) = 6 and H‘(N) = {0} (cf. Remark 4.3), M¢ is a complex manifold by the
theory of Kodaira and the tangent space at § € Mc is naturally isomorphic to H 08, N),
the holomorphic sections of the normal bundle to & in Z* (M). The sections which vanish
somewhere define the isotropic cone of a complex conformal structure on M¢. Locally the
embedding M — (Mc, ou) is isomorphic to the embedding §% — (Q, o) of Section 3
and this implies that oy, is antiholomorphic and that the complex conformal structure of
Mg is reduced to a positive definite conformal structure over the fixed point set of o, , that
is over M.

This situation is similar to the case (cf. [AHS]) where M 4 is a self-dual four-manifold
and one embeds M* in the space of P;(C)’s lying on its twistor space as the fixed point set
of an antiholomorphic involution. However there is a difference: in the four-dimensional
case, the antiholomorphic involution of the space of P;(C)’s on twistor space is induced
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by a natural holomorphic involution of twistor space whereas in the six-dimensional case
there is no such natural involution on twistor space which induces op on the space D.

6. Vector bundles on quadrics which are trivial on a linear P,(C)

In this section we will prove the following theorem and deduce some corollaries.

Theorem 6.1. If & — Q. is a holomorphic vector bundle such that the restriction of & to
the fibres of T . Q4 — S% is holomorphically trivial, then & — Q. is holomorphically
trivial.

Proof. The Penrose/Ward transform (cf. [A,AHS]) sets up a correspondence between certain
holomorphic bundles over P3(C)and bundles with self-dual connections over S4. We will
adapt the complex analytic version of this correspondence, of which the details are given
in Hitchin’s paper [H], to our case.

The main point of the proof is the following lemma.

Lemma 6.2. The vector bundle H° (&) — S® whose fibre at p € 88 is the complex vector
space H O(r~1 (p), &) has a natural connection V.

Proof. By hypothesis, dim HO(z~!(p), &) = rank £ is constant since £ restricted to the
fibres is holomorphically trivial. Hence the assignation p — H O¢z—1¢ p), &) does indeed
define a smooth vector bundle over S by elliptic regularity. To ease the notation, we will
write F, for 7! (p) from now on.

Asexplained in [A,H], a section of the bundle £ over the first-order formal neighbourhood,
denoted F,fl) , of Fj, in Q gives rise to an element of J[} (H%(&)), the one-jet bundle of
HO(£) at p. A connection in any vector bundle 7 — B can be seen as a splitting of the
exact sequence

0> Al®n— J(n) —>n—0,

so to define a connection in the vector bundle HY(£) it is sufficient to show that each
section of £ over F), can be uniquely extended to a section of & over the first-order formal
neighbourhood of Fp in Q. For more details of this argument, see Section 3 in Ch. VI of
[A] or [H].

Now the appropriate exact sequence of sheaves over @ for this extension problem
(cf. [A,H]) is

0 = OF,(N*® &) — Op) () > O, (§) > 0,
where N* is the holomorphic conformal bundle of F, in @, O IF,, (&) is the sheaf of (germs

of ) sections of & over F,Sl) and OF,, (&) is the sheaf of (germs of ) sections of £ over F,.
The map (’)gp) &)—-> 0O F, (&) is just restriction. Taking cohomology we get
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0— HY(OF, (N* ®8) > HY(O) )
— HY%OF,(£)) > H'(OF,(N*®§£)) - -

By hypothesis, &|F), is holomorphically trivial and so HO((’)FP(N* ® &) = (0} iff
HO(OF,(N*) = {0} and H'(OF,(N* ® £)) = (0} iff HI(OF,(N*)) = {0}. By
Remark 4.3, for the normal bundle N — F), we have HYN*) = H'(N*) = {0}. Substitut-
ing these results in the cohomology sequence shows that the restriction map H 0 (O}Ip) (&)) —>

HO(OF,,(E)) is an isomorphism and the lemma is proved.

We now have a connection V in H%(§) — $° which we will show is flat. The first point
is that the pullback bundle t*(H°(£)) — Q. is naturally identified with & — Q. by
evaluation. Thus § — @ carries the connection t*(V). The second point is that 7%(V) is
compatible with the holomorphic structure of § — Q. This follows mutatis mutandis from
the Remark after Corollary 3.8 in [H]. Hence the curvature from F(t*(V)) has no component
of type (0, 2)—this is precisely the compatiblity condition. But F(t*(V)) = t*(F(V)) is
the pullback of a two-form on $% and so by Corollary 4.10, F(V) = F(t*(V)) = 0.

The holomorphic vector bundle £ — Q. therefore has a flat connection which is com-
patible with its holomorphic structure. Since Q. is simply connected, we can find a global
trivialisation of covariantly constant sections and these are holomorphic by compatibility.
Hence £, — Q1 is holomorphically trivial. g

Corollary 6.3. If§ — Q. is a holomorphic vector bundle such that the restriction of § to
a linear P2(C) is holomorphically trivial, then £ — Q. is holomorphically trivial.

Proof. Recall from Section 2 that the quadrics Q and Q. parametrise two families of linear
P3(C)’s on Q. and that the family Q contains the fibres of the mapt : Q4 — S8 In the
course of the proof we will refer to linear Py (C)’s and linear P2(C)’s lying on Q4 (C P7(C))
as lines and planes respectively.

The idea of the proof is to show that the hypothesis of the corollary implies that &
restricted to each fibre of T : Q. — S® is trivial and then apply the theorem. We will need
the following result of Barth [B].

(A) If £ — P,(C) is a holomorphic vector bundle whose restriction to some P>(C) is
holomorphically trivial, then & — P, (C) is holomorphically trivial;
and the classical facts (cf. Proposition 2.2)

(B) If Py and P> are two linear P3(C)’s on Q. in the same family, then either P, =
Py, AN Py =0o0r PN Py is aline.

(C) If Py and P» are two linear P3(C)’s on Q4 in different families, then Py N P; is either
a point or a plane.

(D) If P is alinear P3(C) on @+ and [T is a plane contained in P, then there is a unique
P’ in the other family of P3(C)’s such that P N P’ = IT.

Now suppose that I7; is a plane on Q4 such that &|/1; is trivial. Choose a P3(C)in
the family parametrised by Q_, say P_, which contains /11. By (A), §| P_ is trivial and by
Remark 5.7, P_ intersects one fibre of T : O — 5 in a plane and the others in exactly one
point. Clearly £ is trivial on the exceptional fibre by (A). Let F be a fibre which intersects P
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inapoint, say P_ N F = {x} and let IT; be any plane such that x € IT; C P_. By (D), there
is a unique P3(C), say P, in the family parametrised by Q such that P, N P_ = IT; and
then &| P is trivial by (A). But P+ N F contains a point, namely x, and so in fact contains
a line, say L, by (B). Let IT3 be any plane in F which contains this line L and let P’ be
the unique (using (D)) P3(C)in the family parametrised by Q_ such that F N P/ = ITs.
By (C), we see that P N P’ is a plane since it contains the line L. We already know that
&| P4 is trivial so that £| P’ is trivial by (A). Thus & |I73 is trivial and since I73 is a plane in
F, it follows from (A) again that & F is trivial.

In conclusion, we have shown that £ is trivial on every fibre so applying the theorem, the
corollary follows. a

By induction this result can be extended to give:

Theorem 6.4. Let G be a non-degenerate, complex quadric hypersurface of dimension
greater than or equal to six. If € — G is a holomorphic vector bundle such that § restricted
to a linear P2(C) is holomorphically trivial, then & — G is holomorphically trivial.

Proof. Corollary 6.3 is the result for a six-dimensional quadric. Suppose that it also holds
for the n-dimensional quadric (n > 6) and let us deduce that it then holds for the n + 1-
dimensional quadric.

To fix notation, let (V, B) be an n+-3-dimensional complex vector space V, equipped with
a non-degenerate, symmetric bilinear form B. Then our model for the n + 1-dimensional
quadric will be

Gny1 = {L € P(V): B|L = 0).

The intersection of this quadric with a hyperplane is a quadric of dimension n, which may
be degenerate. If H, denotes the hyperplane {x € V : B(x,v) = 0}, then H, N G, is
a non-degenerate quadric of dimension # if and only if B(v, v) # 0. Let G, be any non-
degenerate quadric of dimension » lying on G, which contains the plane P on which £ is
trivial. (Such a G exists when n > 4). The induction hypothesis implies that £ |G, is trivial.

By definition the quadric G, is the zero locus of a section of the standard positive line
bundle O(1) (over G,+1) so the ideal sheaf of G, is isomorphic to Og,_,,(—1). Hence we
have the exact sequence of sheaves on G4 (corresponding to the restriction of functions
on G,4 to functions on G,)

0-> 01> 00— 0Og, -0,

where O denotes the structure sheaf O, , for brevity. Tensoring with the locally free sheaf
of germs of sections of holomorphic sections of &, we get the exact sequence

0— OEED) = 0¢) - Og,¢) - 0, (R)
and taking cohomology gives the long exact sequence

0 — HY°O@E(-1) - HYOE)) - HYOg, ()
— H'(OE-1D) - H(OE) - H (Og,#)) -
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Lemma 6.5. Every holomorphic section of & over G, extends uniquely to a holomorphic
section of § over G 1; that is, the map H O(O(E ) —> H O(OG" (§)) in the above sequence
is an isomorphism,

Proof. Tensoring the sequence (R) by O(—k), where k > 1, gives
0 — OE(=k — 1)) > OE(=k)) > Og, (k) — 0,
and taking cohomology gives the long exact sequence

0 — HYOE(k - 1)) - HYOE k) - HOg, (k) R0)
— HY(OE(—k - 1)) —» HY(OE=K)) — H'(Og,(E(—K)) - -- :
Fork > 1, HO(OG,l ((—k))) vanishes because Og, ((—k)) is a negative line bundle and the

group H'(Og,((—k))) = H"1(£2"(k))* is also zero by Serre duality and the Kodaira—
Nakano vanishing theorem (cf. [GH]). Since & restricted to G,is trivial, the same groups
vanish for £ restricted to G,, and so we have HO((’)G,l E-) = Hl((’)(;n (E(—=k))) = {0}
when k£ > 1. Substituting this in the cohomology sequence we get

HY OE(—k — 1) = H (OE(—k)  fork > 1.
or in other terms
H'(OE=D) = HY(OE2) = = H'(OE-k) = - -

By another theorem of Kodaira (Theorem B in [GH]), H'(O(£(—k))) = {0} for k large
enough and so all of these groups vanish. In particular the first one is zero and this is exactly
the condition for the map H®(O(&)) — HO(OG" (£)) of (R) to be surjective. The lemma
is proved.

To see that the restriction map is injective, substituting H! (Og, (§(—k))) = {0} in (Rp)
we get

HY(OE(—k — 1)) = HY(O@E(—k))  fork > 1.

By a Kodaira vanishing theorem, exactly as above, this implies that H O(O(é}( —k))) = {0}
for k > 1, and in particular that H%(O((—1))) = {0). Substituting this in the coho-
mology sequence (R)) shows that the restriction map HO(O(E)) — HO(OG,, (£€)) 1s an
isomorphism. O

From Lemma 6.5 it follows that there are exactly r global holomorphic sections of
& — Gpy1 where r is the rank of §. To prove that § — G4 is holomorphically trivial
we have to show that at each point of G, the values of these sections form a basis of the
fibre at that point. This is equivalent to proving that a holomorphic section which vanishes
somewhere vanishes everywhere. We need the following lemma.

Lemma 6.6. Ler P be a plane lying on the quadric G,y and let x be a point of Gp4.
Then there exists a non-degenerate n-dimensional quadric G’ in G, which contains both
the plane P and the point x.
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Proof. Suppose first that x is not in P. The plane P is the projectivisation of a three-
dimensional, isotropic linear subspace of V, say W. If L is the isotropic line of V generated
by x, then L N W = {0} by hypothesis and the orthogonal complement of L & W is of
dimension n — 1. When n > 6, this is too large to be an isotropic subspace of V (which
are of dimension at most %(n + 3)). Hence there exists a non-isotropic vector y € V
which is orthogonal to both L and W and then the associated hyperplane Hy = {v € V:
B(y,v) = 0} intersects G+ in a non-degenerate n-dimensional quadric, which contains
both the plane P and the point x. When x is in P, a similar argument works. a

Proof of Theorem 6.4 (continued). Suppose s is a global holomorphic sectionof &€ — G4
which vanishes at some point x. If P C G, is the plane on which & is supposed trivial,
there exists a non-degenerate, n-dimensional quadric G’ containing x and P by Lemma
6.6. The induction hypothesis implies that £ is trivial on G’ and therefore the section s must
vanish along G’ since it vanishes at x € G'. In particular s vanishes along P. Now if y is any
point of G, 1, we can find a non-degenerate quadric of dimension 7, say G”, containing the
point y and the plane P, again using Lemma 6.6. The induction hypothesis implies that € is
trivial on G” and therefore the section s must vanish along G” since it vanishes at P C G'.
In particular s vanishes at y and therefore s vanishes everywhere since y was arbitrary. O
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